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Abstract

This paper proposes a novel shrinkage estimator for high-dimensional covariance ma-
trices by extending the Oracle Approximating Shrinkage (OAS) of |[Chen et al., 2009
to target the diagonal elements of the sample covariance matrix. When the diago-
nal elements of the true covariance matrix exhibit substantial variation, our method
reduces the Mean Squared Error, compared with OAS, which targets an average vari-
ance. The degree of improvement is higher when the true covariance matrix is sparser.
Our method also outperforms other estimators based on a diagonal target under the
normality assumption. We further propose an extended estimator that makes use of
two targets: the average variance target and the diagonal target. This more flexible es-
timator improves upon the single-target estimators in all the scenarios discussed. The
proposed estimators are applied to the problem of UK inflation forecast reconciliation
and minimum variance portfolio selection to compare their performance with other

benchmark methods.

1 Introduction

Estimating a covariance matrix ¥ : p X p and its inverse when the dimension of the matrix p

is larger than the sample size n is central to many important econometric methods such as
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GMM and PCA (See [Hansen, 1982], [Pearson, 1901]), and empirical applications, includ-
ing financial portfolio selection and macroeconomic forecasting (See [DeMiguel et al., 2009],
[Ban et al., 201§], [Ando and Kim, 2022]). Although [Ledoit and Wolf, 2004] developed a
shrinkage estimator based on an average variance target, and [Chen et al., 2009] improved
its finite sample performance under the normality assumption, the method leaves room for
improvement when the diagonal elements of the true covariance matrix exhibit substantial
variation. For example, in the setting of macroeconomic forecasting, GDP and output of,
say, the fishing industry can differ by a hundredfold, so the shrinkage estimator that tar-
gets the average variance can overestimate the variance of the fishing industry’s output and
underestimate that of GDP.

To accommodate the case where the variance of random variables exhibits substantial
variation, this paper proposes a shrinkage estimator (OASD) that targets the diagonal el-
ements of the sample covariance matrix. Our method extends the Oracle Approximating
Shrinkage estimator (OAS) of [Chen et al., 2009] that targets the average variance. Fol-
lowing [Eldar and Chernoi, 2008] and [Chen et al., 2009], we derive the optimal shrinkage
parameter given the true covariance matrix (Oracle estimator) and approximate this infea-
sible Oracle estimator with an iterative algorithm. We use a simulation to show that our
method possesses a lower Mean Squared Error (MSE) than OAS when the diagonal ele-
ments of the true covariance matrix exhibit substantial variation. In the specification of
decaying off-diagonal elements, we see that the degree of improvement is higher when the

true covariance matrix is sparser.

As in [Chen et al., 2009], our method is based on optimality under the normal distribu-
tion. Compared to [Schéifer and Strimmer, 2005], which also targets diagonal elements of
the covariance matrix but without imposing a distributional assumption, our method per-
forms better when the distribution is normal. In addition, our method inherits the desirable
property of OAS that the shrinkage parameter stays between 0 and 1. Thus, the estimated
covariance matrix is positive definite, even without manually restricting the shrinkage pa-
rameter, as done in [Schéfer and Strimmer, 2005]. The normality assumption also allows us
to derive the optimal shrinkage parameter in a closed form, which involves less computation
than the nonlinear shrinkage method of [Ledoit and Wolf, 2012].

However, our proposed estimator OASD does not outperform existing methods in all
circumstances and should therefore be considered a complement to them. For example,
when the variation in the diagonal elements of the true covariance matrix is small, the OAS

tends to generate a lower MSE. This observation also suggests an alternative method to



estimate the covariance matrix by applying OAS to the correlation matrix and scaling it
back by multiplying sample variances. To examine robustness, we perform a simulation and
show that the difference in MSE between OAS and our proposed method is small, and that
directly shrinking the sample covariance matrix performs better than applying OAS to the

correlation matrix and scaling it back.

OASD is designed for the case where diagonal elements exhibit large variation, while
OAS performs better when diagonal variation is small. To have an estimator that works
best in both cases, we further extend the method and propose OASB, which allows for two
targets: the average variance target used in OAS and the diagonal target in OASD. The
shrinkage weights for the two targets are chosen in a data-driven manner, adjusting according
to features of the sample covariance matrix. Having two parameters instead of one allows us
to choose different levels of shrinkage for diagonal and off-diagonal entries. This explains its
better performance over OAS (which forces the shrinkage level to be the same for diagonal
and off-diagonal entries) and OASD (which keeps the sample variances and only shrinks the

off-diagonal entries).

Our two empirical applications: forecast reconciliation and portfolio construction, con-
firms the lessons we learned in the simulation. When the covariance matrix is dense and
variables have less dispersion in variation, OAS and LW perform better than OASD, as in
the forecast reconciliation results. However, when the variables are less correlated or when
they differ greatly in scales, as in our portfolio construction example, OASD performs sig-
nificantly better. OASB tend to have its performance between the two groups of estimators

and is ideal for researchers who are unsure about the patterns of the true covariance matrix.

This paper is organized as follows. Section 2| gives an overview of the literature in this
area, Section |3| describes the theoretical framework, Section [4] uses simulations to assess per-
formance and evaluate robustness, Section [5| gives the empirical application of UK inflation

forecast reconciliation, Section [6] and Section [7] concludes.

2 Literature Review

The literature on the linear shrinkage of covariance matrices begins with [Stein, 1975], who
first demonstrated that shrinking the eigenvalues of the sample covariance matrix could
improve its estimation. This insight inspired the empirical Bayes estimator by [Haff, 1980]

and the minimax estimator of [Dey and Srinivasan, 1985].



Although these estimators are predicated on normality, their performance with Gaussian
samples still lags behind [Ledoit and Wolf, 2003]’s LW estimator, as shown through simu-
lations in [Ledoit and Wolf, 2003]. The LW estimator performs a linear combination of the
sample covariance matrix S and the identity matrix, effectively shrinking the sample eigen-
values toward their grand mean while keeping the sample eigenvectors intact. Remarkably,
the optimality of LW was established without any specific distributional assumptions. This
has led to the widespread use of methods based on LW, particularly in portfolio selection (see
[DeMiguel et al., 2009] or [Ban et al., 2018]). However, while [Ledoit and Wolf, 2003] pro-
vides a consistent estimator of the optimal combination weight under general asymptotics,

its finite-sample efficacy remains uncertain.

[Chen et al., 2009] proposed two improvements to LW, assuming normality: RBLW and
OAS. Our simulations show that RBLW does not significantly improve upon LW (which
aligns with the findings of [Chen et al., 2009]), whereas OAS outperforms both LW -based
methods for Gaussian samples. This is primarily due to the iterative method used in OAS,
which achieves a more accurate finite-sample approximation of the optimal combination

weight.

[Schéfer and Strimmer, 2005] also followed the linear shrinkage strategy but focused on
achieving better finite-sample performance and expanding the list of target matrices. In
contrast to the iterative approach of |[Chen et al., 2009], they replaced components of the
optimal weight, which depend on the true covariance matrix, with unbiased estimators as
an approximation. Their main proposed estimator, SS, uses the target diag(S) as a com-
promise between the constant variance target of [Ledoit and Wolf, 2003] and the constant
correlation target of [Elton and Gruber, 1973|. Besides its application to gene association
networks, this method has gained popularity in forecast reconciliation literature. For in-
stance, [Wickramasuriya et al., 2019]’s MinT method used SS to estimate the base forecast
error covariance matrix, and it has since been adopted in other probabilistic forecast reconcil-
iation studies [Panagiotelis et al., 2023|. Despite its popularity, the estimator’s distribution-
free property comes with a cost. As it is a ratio of unbiased components, the resulting
estimator remains biased and inconsistent. Our simulations show that this estimator per-
forms well only under highly sparse settings. Moreover, manual clipping of the estimated
weights between 0 and 1 is necessary to ensure the estimated covariance matrix is invertible,

which further distorts its finite-sample performance.

In recent years, new methods have been developed for high-dimensional covariance ma-

trix estimation, including the factor model approach by [Fan et al., 2008] and the non-linear



shrinkage method by [Ledoit and Wolf, 2012]. The former assumes a factor structure rather
than sparsity in the true covariance matrix. The latter asymptotically bias-corrects the sam-
ple eigenvalues using the [Marchenko and Pastur, 1967] equation while keeping the sample
eigenvectors intact. However, [Ledoit and Wolf, 2012] have shown that when £ is large or the
dispersion of eigenvalues is small, the non-linear shrinkage estimator does not significantly

outperform LW . Our own verification supports this finding.

This paper builds on the linear shrinkage literature, particularly in empirical situations
where using a diagonal target seems appropriate (e.g., when variables have vastly different
variances) and when p > n. Through simulation studies, we demonstrate that our proposed
estimator, OAS D, performs best among competing estimators when the population covari-
ance matrix exhibits considerable variation. Moreover, our extended estimator, OASB,

performs the best across all simulation scenarios.

3 Theoretical Framework

Suppose that the data {z;}" , are i.i.d. and has p > 2 dimensions. In a high-dimensional

environment p > n, the sample covariance matrix

1 _ _ _
S:n_lz(xi—x)(xi—x)T, T=o) T (1)
i=1 i=1
is degenerate and is a poor estimate of the true covariance matrix ¥. Throughout the pa-
per, we assume that the diagonal elements of the sample covariance matrices are positive

Smm > 0 for all m =1, ..., p and the true covariance matrix is positive definite > > 0.

One way to address the issue is to use a linear shrinkage estimator of the covariance

matrix

S(p) =1 =p)S+pT, (2)
where T is called a target matrix. We use the diagonal elements of the sample covariance
matrix S as the target T = diag (5), while the OAS targets the average mean 7' = @I. In
either case, as long as the target matrix 7' is positive definite and the shrinkage parameter

resides in p € (0,1], the estimated covariance matrix S (p) is positive definite even when the



sample covariance matrix S is degenerate

A

adS(p)a=(1-p)a'Sa+padTa>0, Ya#0, pe(0,1]. (3)
>0 >0

When the true covariance matrix > = V' (z;) is known, the shrinkage parameter p can be

pinned down by minimizing the MSE from the true covariance matrix
2
pop (%) = arg mip E [Hs zH ] L |lA]? = (AT A) = ZA”, (4)

where the resulting shrinkage parameter pop is called an Oracle shrinkage estimator with a
diagonal target. The problem is quadratic in p, and thus has the following closed-form

solution.
Theorem 1 Suppose S is the unbiased sample covariance matriz and T is a symmetric

target matrix. The optimal shrinkage parameter that solves 15

Eftr(S — 8)(T — S)]
E(IT - 5|

pop(X,T) = ()

If, in addition, z; follows a joint normal distribution N(u,Y), and the target matriz is the

diagonal elements of the covariance matriz T = diag(S), (@ can be written as

B tr(3?) — 2tr(diag(X)?) + tr(X)?
pop () = ntr(X2) — (n + Dtr(diag(X)?) + tr(X)?’

(6)

Proof. See Appendix[7.1]] m

The oracle shrinkage parameter of @ is optimal but infeasible, since it is based on the
true covariance matrix . To approximate @, our proposed method, which we call Oracle
Approximating Shrinkage with Diagonal target (OASD), uses the limit of the following

iteration indexed by j

¥ = (1—p;)S+ p;diag(S), 9
o tr(%,5) = 2tr(diag(%))?) + tr(%))? (8)
Pj+1 = ntr(3;9) — (n+ V)tr(diag(Z;)?) + tr(Z;)?

Note that replaces the true covariance matrix X in @ by the sample covariance matrix
S except for the squared terms X2, in which case only one of them is replaced by the sample

covariance matrix ;5. In this way, the system remains tractable since p? does not show up.
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The following main theorem shows that the iteration converges to a unique limit for any

initial value pg € (0, 1).

Theorem 2 For any initial value py € (0,1), the sequence {p;}; specified by (@ and (@)

converges to

1 tr(S?) — tr(diag(S)?)

poasp = wmin {n_¢’ 1} = S (S — 2t (diag(SyD) € 1) )

The shrinkage parameter satisfies poasp € (0,1], and thus, the covariance estimator Soasp =

A

S(poasp) is positive definite.

Proof. See Appendix[7.2 m

3.1 Special Case: Known Mean

This section provides the formula for the special case where the mean is known to be
zero i = 0. This specification has been used in the literature ([Ledoit and Wolf, 2004],
[Chen et al., 2009], and [Schafer and Strimmer, 2005]), and thus allows us to compare the
performance of different methods, although it is less useful in practice than the general setup

with unknown mean.

It turns out that the resulting formula replaces n in @ and @D by n + 1.

Theorem 3 Suppose z; ~ N(0,X) is i.i.d., and the sample covariance matriz 15 replaced
by

1 n
S =— il 10
PO (10)
Then, the Oracle and OASD shrinkage estimators @ and (@ are replaced by

tr(X?) — 2tr(diag(3)?) + tr(X)?
(n+ 1)tr(32) — (n + 2)tr(diag(X)?) + tr(X)?’

pop(X) = -
- 1 ~ tr(8?) — tr(diag(S)?)
PoAsp = min {M’ 1}  ¢= tr(S?) + tr(S)? — 2tr(diag(5)?)

The shrinkage parameter satisfies poasp € (0,1], so the covariance estimator Soasp =

N

S(poasp) is positive definite.

€ [0,1). (12)



Proof. See Appendix [7.3 =

As in Theorem [2] the shrinkage parameter poasp contains min operator, but this is a

result of the convergence and is not manually imposed.

3.2 Extension: Two Targets

Instead of manually selecting either to use the diagonal target as in OASD or the average

variance target as in OAS, we propose the updated shrinkage estimator

S(@,Oz) = (1_9)S+9(05TOASD+(1_04)TOAS>- (13)

where Topasp = diag(S) and Tpas = @I. Similar to , the shrinkage parameters 6 and

a can be found by minimizing the MSE from the true covariance matrix

bor (). a0n () = engmiy £ |36, ~ =
pe

2} | (14)

where the resulting fpp and app are called the Oracle shrinkage estimators with two targets.
This problem ((14)) is again quadratic in both parameters and we can get the following closed-

form solution.

Theorem 4 Suppose that x; is i.i.d. and follows a joint normal distribution N(u,X). S is

the sample covariance matriz (1)). Toasp = diag(S) a diagonal matriz that shares the same
diagonal elements as S and Tpoas = @[ 15 a diagonal matriz with each element equal to

the averaged sample variances. The optimal shrinkage parameters that solves is

B tr(X)? + tr(X?) — 2tr(diag(%)?)
—ontr(X2) 4+ tr(X)2 — (n + tr(diag(X)?)’

Oor(Z) (15)
1 2ptr(diag(X)?) — 2tr(X?)

0B = L G b+ Dir(diag(S)) — 20r(5?) — (n = Dir(SF

(16)

Proof. See Appendix [7.4, m This oracle estimator is again infeasible, as it depends on the
true covariance matrix . A convenient feature of the above theorem is that 6o coincides
with po and therefore we can use poasp as an estimator for Apg. For app, we can adopt

the oracle approximating strategy used in Theorem [2| and estimate app using the limit of



the following iteration indexed by j (using 0pasp in place of )

Y =(1—=00as8)S +boasp(ajToasp + (1 — a;)Toas), (17)

1 2ptr(diag(X;)diag(S)) — 2tr(X;5)
Ooasp p(n + 1)tr(diag(3;)diag(S)) — 2tr(5;5) — (n — 1)ir(3;)>

The following theorem shows that the above iteration converges to a unique limit regardless

(18)

aj1=1-

of the initial value «.

Theorem 5 For any initial value o , the sequence {aj}j, specified by and @ con-

verges to

Ooass — 1 if T3 <1
B 0oasn (11 +72)0oasp +1—7

QoASB = (19)

Ooasp(Ts — 7o) — 1 3 > 1

Ooasp(T1 +73) (11 +72)0oasp +1—11| —

where we use the following
_ 1 tr(S?) — tr(diag(S)?)
boasp = min {ngb’ } ¢ tr(S?) + tr(S)? — 2tr(diag(S)?)’ (20)
(p— 1) [tr(diag($)?) — =] .
e ptr(diag(S)?) — tr(S?) (21)
tr(S2) — tr(diag($)?) - (p — 1) |tr(diag($)?) — “&" |

Ty = (22)

ptr(diag(S)?) — tr(S?) ’

T T (ptr(diag(S)?) — tr(S?)) (23)

(n—1)p [tr(dmg(s)z) _ ﬂ]

The shrinkage parameters now satisfy oasp € (0,1] and apasp € [1 — 5——,1), and we

_ OASB
can establish that the covariance estimator Soasp = S (Boasp, ®oasp) is positive definite.

Proof. See Appendix[7.5] m

3.2.1 Special Case: Two Targets with Known Mean

Theorem 6 Suppose that x; is i.i.d. and follows a joint normal distribution N(0,%). S

1s now replaced by the sample covariance matriz assuming known mean(@). The oracle
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shrinkage parameters in |16 can now be replaced by

B tr(X)? + tr(X?) — 2tr(diag(X)?)
b08(E) = G D0 (00 T+ i (D = (0 + 2)tr(diag (D)) =)

1 2ptr(diag(X)?) — 2tr(3?)
M =1-— . 25
aos(X) Oop p(n + 2)tr(diag(X)?) — 2tr(X2) — ntr(X)? (25)
The approximating OASB shrinkage estimators are specified as
, 1 tr(S?%) — tr(diag(S)?)
oASE = T { (n+1)o’ } T ) 1 r(S)? — 2tr(diag(S)?)’ (26)
Ooasp — 1 T3
J0ASE T 7 <1
0oasm (11 + 72)0oasp +1—11
QOASB = (27)
Ooasp(Ts — 7o) — 1 73 51
Ooas(T1 + 73) (11 +7)boasp+1—7|

where 11 and 5 are as specified in[21] and[29 and T3 is defined as follows

o [tr(dz‘ag(SV) - %} 28
T3 = 2(pt7"(dmg(s)2) _ t?“(SQ)) ( )

The shrinkage parameters now satisfy oasp € (0,1] and apasp € [1 — 5——,1), and we

OASB
can establish that the covariance estimator Soasp = S (Boasp, ®oasp) is positive definite.

Proof. See Appendix[7.6] m

4 Simulation

This section uses simulations to assess the performance of Spasp and Spasp in a high-
dimensional environment with large variation in the diagonal elements of the true covariance
matrix . Simulations consider different degrees of variation and sparsity of the true correla-
tion matrix, as well as different sample sizes. The Spasp and Spasp both perform reasonably

well with Spasp having a small advantage over Spagp in these settings.



4.1 Setting

To conduct simulations in a high-dimensional environment, we fix the dimension of the
matrices by p = 100 and let the sample size n vary from 6 to 30. The true covariance matrix
Y is created from a correlation matrix I' with a decaying off-diagonal elements I'y; = ~/#~l,
where v controls the sparsity and varies from 0 to .QEI Up to here, the high-dimensional

simulation environment resembles the one in [Chen et al., 2009].

To generate the variation across the diagonal elements of the true covariance matrix 3,

we assume half of variables have a different unit,

1 0

Y =ATA, A=AT=
sd

0 sd

where the parameter sd varies from 1 to 20. Large variations of scales are often of interest in
applications, including macroeconomic forecasting. For example, GDP can be a summation
of small industries’ value added. The government’s tax revenue can be a sum of small

municipalities. In these cases, the units of variables can differ by hundreds of times.

We generate {x;}, from a normal distribution N(0,3) and repeat the sampling B =

1000 times. The performance criterion is the percentage relative improvement in average
loss (PRIAL), defined as

 EEE
YA ECESTE

PRIAL(S) = | 1 x 100, (30)

where S® and S® denote the sample and estimated covariance matrices at the b** sampling.
PRIAL can be considered a measure of improvement of S relative to the sample covariance

matrix S.

To assess the performance of Spasp and Soasp, we compare them under the known mean

assumption, as derived in (3| and @, with three methods in the literature, most of which

"'We set I'yy = 1 when v =0 and k = [.
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also assume the known mean in their derivations ] First, we denote by LW the estimator

proposed by [Ledoit and Wolf, 2004]

n T 2
Zi:l szxz - S”

n?2 [tT(SQ) — @} ’

tr(S )
Sew =1 —prw)S+ PLW%L prLw = min

(31)

Second, we denote by OAS and RBLW the estimators proposed by [Chen et al., 2009]E|

tr(s) (1 2) () 4 (s

(
S)I, PLw = min{ nT_QtT(SQ) TSy 1} . (33)

(n+ 2)[tr(S52) — CE)

Soas = (1 — poas)S + poas

Srerw = (1 — prerw)S + prELW

Third, we denote by SS the estimator proposed by [Schifer and Strimmer, 2005]

(34)

| | Var ()

Sss = (1 = pss)S + pssdiag(S), pss = min z 5 1o
Zm;ﬁk Tk

where 7, is the (m, k) element of the sample correlation matrix and @“(rmk) is the sample

variance estimator of 7;;. The min operator appears as a natural consequence of the proof

for OAS but is manually imposed for LW and SS. Finally, we also compare Spssp and

~ ~

Soasp with their respective Oracle estimators Sop = S(pop) and Sop = S (oass, ¥0asB)

In summary, we compare 8 estimators, {Soasp, Sop, Soass, Sos, Stw, SreLw, Soas, Sss },
varying the three parameters {n, sd,v} that control the sample size, the scale differences of
the variances, and the sparsity of the true correlation matrix I'. For exposition, we move

each parameter one by one, fixing others at their medians.

4.2 Simulation results

The following subsections demonstrate that, compared to other methods, Sp4sp and Soasp

exhibit a higher PRIAL and that both the shrinkage parameters apasp and poasp tracks

2with the exception of SS9, which we derived their known mean version and used it in the comparison
3The formula for OAS is a modified version of equation (23) of [Chen et al., 2009], which has a typo in
the numerator.
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the infeasible Oracle estimator pop and pop close in all three dimensions {n, sd,v}. Note
that because 0pasp = poasp, we only included apasp (denoted as OASB) in the plot for

the shrinkage parameters.

4.2.1 Variation of scales

Figure [1| shows the PRIAL on the left and average shrinkage parameters on the right for

each method over the variation of scales sd.

For most regions of the variation parameter sd except for areas with small sd, the OASB
and OASD exhibit higher PRIAL than the average variance methods LW, RBLW and
OAS. This is not surprising since the larger the variation of scales, the closer the diagonal
target is to the true covariance matrix compared with the average variance target. Inter-
estingly, when the variation of scales sd is small, the shrinkage parameter is similar to the

average variance methods.

OASD also shows a higher PRIAL than SS by around 1%. The improvement can be
attributed to the better approximation to the oracle weight pop, as can be seen in the right
chart of Figure [II The shrinkage parameter pgs remains constant since its formula only

contains the elements of the correlation matrix, which is constant over sd.

OASB is the best among all methods and improves on OASD by around 1%. The
improvement comes from the use of the additional average variance target. As can be seen
on the right chart of Figure[I] the weight on the diagonal target is negative when sd is close
to 1 but increases to 0.75 when sd is 3, demonstrating the necessity of having a diagonal

target when the variation of diagonal elements is large.

All methods exhibit a lower PRI AL as the variation of scales increases. This is because
the off-diagonal elements of the true covariance matrix > are larger, and therefore the ap-
proximation of the target matrices with null off-diagonals becomes poorer. Accordingly, the
shrinkage parameter decreases. This is also the case when the sparsity decreases, as the next

section shows.

4.2.2 Sparsity of Correlation Matrix

Figure [2| shows the PRIAL on the left and average shrinkage parameters on the right for

each method over the sparsity of the correlation matrix ~.

12



The OASB and OASD exhibit a higher PRIAL than all other methods. The improve-
ment compared to the average variance targets, LW and OAS, can be as large as 10% when
the true covariance matrix X is sparser. One way to understand this comparative static is
to consider the limit case v — 0, where the true covariance matrix ¥ is diagonal. Both
OASB and OASD can shrink the off-diagonals without distorting diagonal elements, but
LW and OAS face the trade-off of shrinking off-diagonals and distorting diagonal elements.
When the true covariance matrix > becomes denser, the difference is smaller since most

improvement comes from off-diagonals, so the difference in the target matrices matters less.

The OASD also performs better than SS by up to 6%. The difference in PRIAL is
similar when the true covariance matrix ¥ is sparse, but the difference increases as the
sparsity decreases. This can be attributed to the better approximation of the shrinkage

parameter poasp to the oracle weight pop compared to ppp, as can be seen in the right
chart of Figure [2]

OASB has up to 1% improvement over OASD in this experimentﬁ. The difference
between the two can be explained by the decrease of apasp as 7 increases. From the right
chart for shrinkage parameters, we can see that the reduction in apasp is more slowly than
that of 6pasp. This means the as we shrink the off-diagonal elements less, we also shrink the
diagonal terms less, albeit at a slower rate. This is due to a combination of less shrinkage
needed as the true covariance is denser, and the increased estimation burden with a limited

sample size.

4.2.3 Sample Size

Figure |3 shows the PRIAL on the left and average shrinkage parameters on the right for

each method over the sample size n.

When we increase n while fixing p at 100, we find from Figure [3| that all methods show a
decreasing PRI AL. This is because the sample variance is converging to the true covariance

matrix and dampening the additional benefits from shrinkage methods.

OASB and OAS D perform best over all sample size n. On average, the PRIAL of OASD
is 5% higher than LW and OAS. The difference increases as the sample size n increases. This
is because as sample size increases, we can afford to estimate more parameters accurately

and thus a diagonal target would be closer to the true covariance matrix than an average

4This isn’t very noticeable in the chart due to the scale of the y axis
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Figure 1: PRIAL and shrinkage parameters with different variation of scales sd

W E———————— "+ | [ | [ [ | | |
- T | | ] ||
-
<
o 80-
o
75+
70' 1 1 ] 1 1 [ 1 1
5 10 15 20 5 10 15 20
sd sd
— W — OASB — OB — RBLW
method

— OAS — OASD — OD — SS

*Note the above results are generated under p = 100, n = 18, v = 0.5

Figure 2: PRIAL and shrinkage parameters with different correlation sparsity
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variance target.

Compared with SS, the PRIAL of OASD is on average 2 percent higher and the dif-
ference also widens as n increases. This can be explained by the worsened approximation of
SS to the oracle weight, as can be seen in the right chart of Figure |3| while OASD tracks

the oracle weight pop closer for all sample sizes.

OASB is better than OASD, with larger difference at small sample sizes. This is a result
of the flexibility of shrink the diagonal terms as well as the off-diagonal terms when sample

size is small. As n increases, the weight on the diagonal target increases as can be seen from
the right chart of Figure 3| and the additional advantage of OASB over OASD decreases.

Figure 3: PRIAL and shrinkage parameters with different sample sizes
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*Note the above results are generated under p = 100, sd = 10, v = 0.5

4.2.4 Scenario for the better performance of the average variance target

OASD works better than estimators using an average variance target under the above dis-
cussed scenarios. However, it is expected that when the variation of scales is small and
the true correlation matrix is sparse, there’s no trade-off between shrinking diagonal and
off-diagonal elements and therefore the latter group of estimators should perform better. It

can be seen from Figure [4] that this is indeed the case. Under this scenario, our OASB

15



resembles the performance of OAS, both of which are similar to LW-based methods when
n is large. OASB’s PRIAL is higher than that of OASD by 2% for all sample sizes. The
shrinkage parameters plot shows that the parameters of OAS B rightly chose to put almost

all weight on the average variance target.

Figure 4: PRIAL and shrinkage parameters with different sample sizes (for small variation
in scale and large correlation sparsity)
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*Note the above results are generated under p = 100, sd = 1, v = 0.2

4.3 Validity of the iterative approach

In Figure 5, we demonstrate that our derived analytical limit is indeed the converging limit
when we keep iterating the optimal value for p; following the updating rule defined in Equa-
tion [8 The blue lines represent the RMSE of p; at a round of iteration j, under different
parameter settings, with darker color representing its value after more iterations. The red
line represents the derived p,qs, under different parameter settings. We can notice that the
convergence happen rather quickly, with around 10 iterations we already get pretty close to
the limiting value. This can serve as motivations for extending the iterative appraoch to

other useful shrinking targets without the need to derive their analytical limits.
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4.4 Eigenvalues of OASD

It’s beneficial to reduce the dispersion of the sample eigenvalues for the following three rea-
sons. First, the sample covariance matrix when p > n is non-invertible and has A,,;,(S) = 0.
This is problematic, as its inverse is intractable. Therefore, we would like to increase the mini-
mum eigenvalue in our combined estimator. Moreover, as demonstrated in [Ledoit and Wolf, 2004]
Lemma 2.1, the eigenvalues of the sample covariance matrix suffer from overdispersion due

to the following decomposition:
EIS = plle] = EIIS = 2I5] + 112 = ul|lF,
where = @. This leads to:
E 2, (0(8) — )] = IS — SIE] + 52, () - )’

Thus to reducing the dispersion of sample eigenvalues allows us to better approximate the

true eigenvalues. Lastly, it is known that if a matrix is better conditioned (ie j\\’:fi is smaller),
inverting the estimated sample covariance matrix will lead to less estimation error for the
precision matrix (X71). The following comment proves that our combined estimator reduces
the range of eigenvalues compared with sample covariance matrix and, therefore, is invertible,

offers better approximation to population eigenvalues, and is better conditioned.

Comment 1
For any estimator S, in the form of (1 — p)S + pdiag(S), where p € (0, 1]. This estimator S,

has the following property under mild conditions:
)\mzn(s) < Amm(Sc) < )\max(Sc) < Amax(s)

By shrinking the sample covariance target towards diag(S), we effectively make it invertible,
better conditioned, and potentially closer to the true eigenvalues now that they are less
dispersed. Unlike shrinking all eigenvalues towards their grand mean as achieved by a target
of "](TS) in [Ledoit and Wolf, 2003], our level of shrinkage is milder and would be useful for
scenarios where we expect a lot of variation in true eigenvalues (for example, the case of

different units of measurement |

°This level of shrinkage isn’t generally achievable by varying the shrinkage coefficient in
[Ledoit and Wolf, 2003] as their linear shrinkage estimator assumes common shrinkage for all sample eigen-
values
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4.5 Inverse of the covariance estimators

In this section, we compare the performances of the inverse of each covariance estimator in
estimating the inverse of the true covariance matrix. This is relevant as most empirial analysis
directly uses inverse of the covariance matrix (precision matrix) estimator rather than the
covariance matrix itself. Our benchmark is the widely-adopted Moore-Penrose Inverse and
therefore to faciliate comparison, we define our metric PRIALjny as the percentage relative

improvement in average loss against the MSE of the Moore-Penrose Inverse ®j;p.

vl EC
PRIAL;yy(S)= | 1— S = | x 100, (35)
O rp— X1
b=1 MP

Repeating the three sets of experiment above, we can see that OASB and OASD improve

the estimation error of the inverse of the covariance matrix the most.

Figure [6] shows that the inverse of OASD tends to perform better than other methods.
Intuitively, suppose that the true covariance matrix X is a 2 x 2 diagonal matrix with 1 and
10 on the diagonal. The inverse ¥~ has 1 and .1 on the diagonal. If the sample covariance
matrix S is close to the true covariance matrix ¥, the inverse of the diagonal target diag(S)™*
is also close to the inverse of the true matrix X!, The inverse of the average variance target
[tr(S)

T[]_l, however, has 1/5.5 ~ 0.2 on the diagonal, which is close to .1 but not to 1. This

may also be related to the observation in the previous section that OAS D is well-conditioned.

4.5.1 Alternative methods based on shrinking correlation matrix

One notable problem with using an average variance target is the neglience of different
variable scales. This motivates scaling the variables first, or equivalently applying shrinkage
only to the correlation matrix before multiplying back the sample variances. This is expected
to have finite-sample problems because unless the sample variances are highly accurate,
approximating the true covariances with sample variances does not give the same optimal
weight as approximating the true correlation with sample correlation. This optimality of
directly minimizing the distance to the true covariance matrix is shown in Figure[7]] OASB
is still the best and approximates OD well in all 3 dimensions. The general patterns when
compared with other methods are similar to those discussed in the previous section. However,
the adjustments in scaling make the methods using an average-variance target perform closer

to those using a diagonal target.
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Figure 5: Iterated MSE of p; and convergence to the MSE of poasp
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Figure 6: PRIALny of all methods along each dimension
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5 Application 1: Inflation nowcasting using forecast

reconciliation

Inflation nowcasting is crucial for the everyday decision-making processes of policymakers,
market practitioners, and consumers. Central banks aim for price stability, requiring them to
monitor short-term inflation movements for more effective monetary policy decisions. Market
participants and consumers also frequently adjust their investment and consumption plans
based on up-to-date inflation rates and their expectations. This is particularly relevant in

periods of economic volatility, where prices may change rapidly.

The all-items inflation rate is the headline metric widely followed by markets. Its sub-
components, however, are equally important, guiding business decisions in specific indus-
tries—such as housing, energy, and food—while offering policymakers insights into potential

distributional effects and the development of targeted policy initiatives.

Macroeconomic institutions are tasked with releasing forecasts for these variables, work-
ing toward two main objectives. Firstly, they aim to ensure that the forecasts for each
variable are as accurate as possible, using appropriate models and predictors. Secondly,
they seek to maintain consistency between the forecasts, ensuring coherence among various
sub-components and the aggregate inflation rate, as well as between variables at different
frequencies. Achieving this balance is essential for presenting a coherent and accurate picture

of inflationary trends to policymakers, investors, and the public.

To meet both objectives, we adopt a two-step forecasting procedure. In the first step,
a forecast model and set of predictors are chosen for each variable based on historical
performance. In the second step, a cross-temporal forecast reconciliation method from
[Di Fonzo and Girolimetto, 2023] is adopted to ensure that the forecasts are coherent across
components and frequencies. This method minimizes information loss during the aggrega-
tion or disaggregation of forecasts for reconciliation purposes, allowing each variable to be

forecasted independently and reconciled at the end.

Beyond satisfying practical constraints, this approach has the added benefit of lever-
aging the information extracted from one variable to improve the forecast performance
of another during reconciliation. Previous literature has shown that predictive models
for disaggregated series capture data heterogeneity and pick up different dynamics in sea-
sonality and short-term changes [Bermingham and D’Agostino, 2014], [Espasa et al., 2002],
[Boaretto and Medeiros, 2023], [Capistran et al., 2010], and [Ibarra, 2012]. Time series data
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for variables with higher frequencies are also much longer than those of lower-frequency ag-
gregated variables, leading to better forecast model estimation. Therefore, disaggregated
series can potentially improve forecasts of aggregated series. Information may also flow in
the opposite direction: aggregated series, such as the all-items inflation rate, respond to
broader economic trends and tend to be less noisy than their sub-components. Annual in-
flation rates smooth out transitory fluctuations in monthly rates, capture lagged effects, and
incorporate slower adjustments in wage and price variables. As a result, they may show a
stronger relationship with other macroeconomic variables, as suggested by theories like the

Phillips curve.

The key parameter in implementing forecast reconciliation is the covariance matrix of base
forecast errors, which guides the decision of how much deviation from the base forecasts is
optimal. When a variable is predicted accurately with a small forecast error variance, we
tend to adjust it less and instead focus on modifying variables with larger forecast errors to
satisfy the constraints. Estimating the covariance matrix poses a challenge due to the large
number of variables and the small sample sizes. This feature renders the sample covariance
matrix unsuitable, and past literature has resorted to shrinkage methods, predominantly SS
[Panagiotelis et al., 2023], [Wickramasuriya et al., 2019], |[Di Fonzo and Girolimetto, 2023].
The consensus has been to adopt a diagonal target due to the large variation in scale between
different levels of aggregation, but few alternatives for covariance estimation using a diagonal
target exist. Therefore, we propose using our proposed Spasp and Spasp estimators in this

empirical application to test their forecast MSE.

5.1 Data
5.1.1 Variables

We work with monthly UK CPI data from 1988 to 2021 from ONS. This dataset includes
the aggregated All-items CPI (00.IX) and its 12 subcomponents (their detailed definitions
are provided in . Our goal is to generate base and reconciled forecasts (explained later)
for future monthly and annual inflation rates of the current year, and compare their perfor-
mances with the IMF’s official World Economic Outlook (WEQ) forecast for the inflation
rate. To ensure a fair comparison, we generate our forecasts based on the information IMF

economists have when they make their biannual forecasts in April and Octoberf] Other

SFor the April forecast, we use information until February, and for the October forecast, we use infor-
mation until August each year.
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than inflation-related variables, we collect conventional monthly predictor variables from
FRED, representing information from price and money supply, production and sales, em-
ployment, interest rates, exchange rates, and business and consumer confidence. It’s worth
noting that we also use two unconventional predictors of inflation rates: annual commodity
price projections estimated with futures data from the IMF (GAS) and monthly 5, 20, and
30-year breakeven inflation rates. Both measures represent implicit public opinions of price
movements. We aim to include private forecasts like these because they may account for

information that is not available to us [Faust and Wright, 2013].

5.1.2 Constraints

Due to the nature of our data (i.e., a mixture of All-items inflation and its subgroups,
as well as inflation at different time frequencies), we face cross-temporal constraints. The
temporal constraints work as expected, with annual prices being simple averages of their
monthly counterparts. However, the way ONS constructs the All-items price index from
its subgroups is not as straightforward. Because the UK consumption basket is updated
twice a yearEL the weights of different subgroups of the price index must account for the
new weights and the change in the price base period used in the construction of the weights.
The final relationship between the aggregate All-items index and its components forms our

cross-sectional constraints.
Formulating these cross-temporal constraints gives the following:

Let I, denote the All-items price index for year y and its monthly counterpart as I, ,,
for month m € {1,...,12}. The component weight and index are W, ,,; and I,,,; for

component ¢ € I. The annual component index is denoted 1, ;.

The temporal constraints are:

12 12

1 1
I,=1 S Ly, L= 3 > Ly (36)

m=1 m=1

The cross-sectional constraints are: When m = 1:

Iy—1,12 Wy,l,i (37)

Ty 1122 Wy

"Once in December to conform with the regulatory update of the COICOP weights, and once in January
to agree with the price reference period of RPI. See [ONS,]

Iy, = E Wy rilyai,  Wwyai=
7
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When m > 2:
Iy,l Wy,m,i

Iy,l,i Zj Wy,mJ

Iyim = : :wy7m7ily’m’i7 wy’m’i = (38>
%

Since we are working with inflation rather than CPI data, we need to take care of the
transformation to growth rates in our constraints as follows (using ¢, and 4,,, to denote the
annual and monthly All-items inflation rate, 7, ; and 4, ,,; to denote the annual and monthly

inflation rate for component i):

Zy - T ) 'ly7m - T ) Zy7m7i - T . ( )
y—1 y—1,m y—1,m,i

Based on the constraints on the price indices, the inflation rates satisfy the following

constraints: b
. 1 [y—l m .
R S LTS} (40)
v — 12 1, v
12
. 1 [y—l m,i .
Lyi — - —=1 m,i = 07 (41)
P12 0, Y
. w ,m] —1,m, . I —1,m,
Zy,'m - Z y]y_—ylmly,m,i - Z ]yy—l . (wy,m,i - wy—l,m,i) 9 (42)

i

where the last equation is derived from

vam - Iy_]-vm = : :wy7m7i[y7m7i - : :wy—l,m,zjy—l,m,z
% 7

- Z Wy, m.i (Iy,m,i - Iy—l,m,i) + Z (wy,m,i - wy—l,m,i) ]y—l,m,i-
; -

(2

To generate forecasts that are coherent with the cross-temporal constraints discussed
above, we first generate base forecasts for each variable. These forecasts are selected from a
range of candidate forecast models and predictors using cross-validation. We then reconcile
these forecasts using an iterative approach, as suggested in [Di Fonzo and Girolimetto, 2023].

In the following sections, we discuss each step in detail.
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5.1.3 Base Forecast Methods

We have different candidate models for annual and monthly variables, primarily due to two
reasons: the length of the sample size and the availability of concurrent data. We have 34
years of annual data, and the last 5 years are used for evaluating forecast performance. This
means that our training sample size for annual data is as small as 29, which restricts the
estimation of some models. The advantage of predicting annual variables is the availability
of some higher-frequency variables for the current year, allowing us to use these already-

available aggregates as predictors.

We group our variables according to whether they are monthly or annual variables. For
monthly variables, we forecast 10 steps ahead if predicting in April (using information until
February) and 4 steps ahead if predicting in October (using information until August). For

annual variables, we forecast 1 step ahead.

In the following sections, we use 7/ = [0 7A0L . 7A2)T where t € [1988,2021],
to denote annual inflation rates for all-items and its 12 sub-components. We use 7/ =
(e MO0 MOL: - MANT  where ¢ € [1988.m1,2021-m12], to denote monthly all-items in-

flation rates and its sub-components for all months. To enhance clarity in the following

sections, we drop the superscripts A and M, which indicate the level of aggregation.

Random Walk (for both monthly and annual inflation rates) We use the current

inflation rate as the forecast for h steps ahead:

ﬁt]j-vflf\t =T (43)

Rolling Historical Mean (for both monthly and annual inflation rates) For pre-
dictions h steps ahead, we use the historical average inflation rates from S periods ago until
the current period. S is determined by the shortest sample size at the first forecast point.
For example, for 1-step-ahead annual forecasts over the last 5 years, we take S to be 29 (the
training sample size for 2017):

t
) 1
=g D ™ (44)
s=t—S+1

VAR(p) (for monthly inflation rates) We estimate h-step-ahead forecasts recursively

using a VAR(p) model, where the order p is chosen by the Bayesian Information Criterion
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(BIC). The coefficient matrix ¢; is estimated using Ordinary Least Squares (OLS):

P
ﬁ—ﬁi-n;ﬂt =i+ Z Q1T (45)
I=1

where

Ttarh—1, 1ft+h—l§t
Tith—1 = { " (46)

ﬁt-‘rh—”tu lf t + h - l > t

Augmented VAR (for monthly inflation rates) We include seasonal dummies to
account for possible seasonal effects in monthly observations. The following augmented AR

model is estimated using OLS:
p 11
ﬁﬁf;ﬂ}AR =i+ Z DT eh— + Z O i1 (47)
=1 m=1

where

~ Ttrh—1, 1ft—i—h—l§t
Tiph—l = { " (48)

ﬁt-‘rh—”t; lf t + h - l > t

and d,,; is a seasonal dummy for month m, with 9,, as the associated seasonal effect coeffi-

clent.

Hybrid Philips Curve (for annual inflation rates) Following the expectation-augmented
Philips curve in [Gali and Gertler, 1999], and including the additional predictor of exchange
rates (which are important for import prices), we get the following hybrid Philips curve
forecasting model:

ﬁt}ﬁ\t = i+ T+ Y1gei1 (49)

where T g 18 the largest principal component of inflation expectation-related variables,

including the previous year’s inflation and available monthly breakeven inflation rates for
the current year. The variable g, is the largest principal component of available monthly
GDP growth rates for the current year, and e;;; is the largest principal component of the
available monthly GBP to USD exchange rate for the current year. Principal components
are used to reduce the number of parameters in the regression, given the small sample size

for annual data.
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Dynamic Factor Model (for monthly inflation rates) We assume all monthly infla-
tion rates follow a dynamic factor model, as specified in [Baribura and Modugno, 2014] and
[Banbura et al., 2011]:

Y = Nfy + € (50)
fi=Afia+ +F AL, +w (51)
Y = [ﬂ-tT7ng57 x?]T (52)

where 3, is a vector of standardized endogenous variables, including all inflation rates for
month ¢, and principal components of GAS variables that explain 90% of the variation
for this monthf} A represents factor loadings, A4; are the AR coefficients, and f; are the

unobserved factors.

We assume a block structure for factor loadings, with 2 Global factors shared by all
variables, and 7 themed factors (e.g., rates, production, confidence, labor market, price and
money, inflation expectation) to group variables. The Global factors follow an AR(2), while
the themed factors follow an AR(1) based on our previous VAR model estimates. We assume
ur ~ N(0,Q) and follows an AR(1). The EM algorithm is used to estimate the model, and

h-step-ahead predictions are made using the estimated parameters:

won = [lixs O]Aft+h\h (53)

Shrinkage and Machine Learning Methods (for annual inflation rates) For the
following methods, we use the same set of standardized predictor variables and estimate a
model for each component of the annual inflation rate to generate 1-step-ahead forecasts.
The predictor variables include principal components of G AS variables explaining 90% of the
variation, previous year’s averaged monthly predictors, and the available monthly predictors

for the current year. We use z; to represent all predictor variables for period t:

Tt = g + ﬁZTZt + €4 (54)

Ridge We estimate the ridge coefficients as follows:

T
~ Ridge HRidge : 1
(pRidse pRidgey — a1 min {f Z(mt — i — Biz)* + )\iBiTﬁi} (55)
=1

HisBi

8Since GAS variables have an annual frequency, we repeat them 12 times a year to convert them into
monthly values. We also reduced the dimension of the GAS variables because many are highly correlated.
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where the regularization parameter ); is chosen using 5-fold cross-validation’} The 1-step-

ahead forecast is:

~

Tl = B+ (B 2 (56)

Elastic Net (for annual inflation rates) We estimate the coefficients using the elastic
net method of [Zou and Hastie, 2005]:

T
. 5 . 1
(MiEN> ﬁZEN) = argimin {_ Z(Trit - M — Bizt)Z + aly||Bil|1 + 0.5a(1 — ll)llﬁzH%} (57)

tisBi T —1

where o and [; are chosen by 5-fold cross-validation™] Elastic net retains correlated predic-

tors, which would otherwise be dropped by lasso, leading to a 1-step-ahead forecast:

7%551 = /A%EN + (5zEN>TZt+1 (58)

Adalasso (for annual inflation rates) We estimate the coefficients using the adaptive

lasso method:

T P

~ada Qada : 1

(Nid 75id )= arirgm {f ;(sz — M = Bizt)2 + A Z%lﬁzﬂ} (59)
bl — _]—1

where A are chosen by 5-fold cross-validation. The Adaptive Lasso modifies the Lasso by

introducing adaptive weights for each coefficient, leading to a 1-step-ahead forecast:

7%551 = ﬂ?da + (5?d“)th+1 (60)

Random Forest and Gradient Boosting (for annual inflation rates) We also use
random forest and gradient boosting, along with the same pool of predictors. [Breiman, 2001]
developed the random forest as a method for averaging over multiple regression trees. Each

tree approximates a nonlinear function and partitions the predictor space into local regions.

9We select the candidate hyperparameter from a grid of 100 values, evenly spaced on a logarithmic scale
from 1076 to 106.

10Candidate I; values are selected from a grid of 10 values from 0.5 to 1, evenly spaced on a square root
scale. For each [;, « values range from a maximum defined by setting all parameters to zero, to a minimum
of 0.001 of the maximum.
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Predictions for each tree are the average value of the corresponding region:

Tit+1 = ch[k(zt+1 € Ry) (61)

where R;, denotes the k" region partitioned by the algorithm, and ¢, is the average inflation
rate of the region. Usually, block bootstrapping on the observation dimension and random
subsets of predictors are drawn to construct trees, reducing correlations between trees. Given
the short sample size, we only randomize the subsets of features, while using the entire
sample for each tree. We choose the number of trees and maximum depth via 5-fold cross-

validation] Final forecasts are based on averaging over the trees:

B K
i1 = EZZ kolrp(2i41 € Rip) (62)

b=1 k=1

where Ry, represents the k™ region of the b tree. Gradient boosting, on the other hand,
extends on the regression trees in that it builds the forecasting model sequentially, eg. start-
ing with a constant estimator, and iteratively fitting a new regression tree to the residuals
of the previous forecast model. The final additive model is use to make the prediction for
the target variable

A = Rt met + Ohm(Z41) (63)

where v is the learning rate that controls the contribution of each model.

5.1.4 Cross-temporal forecast reconciliation

As we have a cross-temporal constraint structure, we use the cross-temporal forecast rec-
onciliation proposed in |[Di Fonzo and Girolimetto, 2023] to reconcile both inflation rate of
various frequencies and of different categories of goods and services according to the con-
straints specified in Section [5.1.2] The main idea behind forecast reconciliation is to project
the base forecasts onto the (linear) constraint space, with the distance metrics being a func-
tion of the error covariance matrix of the base forecast errors. To be specific, our reconciled
forecast for inflation rates 7,41 is the solution of the following constrained minimization
problem:

7 = argmin(r — )W Hr - 7) st.Cr=0. (64)

™

1 Candidate values for the number of trees range from 2 to 100, and for the maximum depth, from 1 to 9
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The solution is then given by
7=7-Wwocr(ocwch)'ox (65)

What [Di Fonzo and Girolimetto, 2023] suggested is that we can iteratively perform this
reconciliation step cross-sectionally for different inflation categories, and temporally across
different frequencies. In our experience, it only takes around 5 iterations for the the iteration

to converge and both dimensions of constraints satisfied.

5.2 Results

The results for our forecasting exercise is shown in Figure [§] and [9] The former shows the
how many times each candidate base forecast model gets selected through cross-validation
for each forecasting period. From the stacked bar chart on the left, we can see that adalasso
seem to perform the best in predicting annual variables while other methods seem to perform
similarly. From the performance for monthly variables on the right of Figure [§ we can see
that dynamic factor model performs the best, surprisingly followed by random walk [2 In
terms of the second stage forecast presented in Figure [9 we can see that the cross-temporal
forecast reconciliation generally improved the first-stage forecast and get to similar level
as the WEOQO forecast for the first half of the sample. However, towards the beginning
of Covid, our data-driven forecast methods became highly inaccurate while WEO forecast
stayed accurate, leading to large difference in overall performance. From the right side plot
comparing different covariance matrix estimators, we can see that estimators using identity
target seem to work better in this case than those using diagonal target, resulting from a less
sparse covariance matrix with small variability on the diagonal. OASB in this case correctly

puts more weight on the identity target and performs well.

6 Application 2: Minimum variance portfolio

We also applied our covariance matrix estimator to the construction of a mimumim variance
portfolio. We first selected 100 most uncorrelated instruments from Bloomberg US Equity
and Fixed-income indices so that they are representative of different aspects of the mar-

ket (They still have a reasonable amount of correlation. Then we construct our minimum

12The reason April has more variables to be predicted than October is that the forecaster needs to forecast
all remaining monthly variables of the year, which is more than those in October
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variance portfolio based on the following weights x:

w1
=argmina’ Wz st. 271 =1. (66)

W) = g = e

The weight estimated from a training sample will be used to form portfolios for several
periods’ ahead, depending on the holding period. We then compute the realized volatility of
the portfolio’s holding period return. Different covariance matrix results in different volatility
for the portfolio, and the true covariance matrix should deliver the lowest volatility. This
gives us a clean environment to test the performance of different covariance matrix estimators
by comparing the realized volatility of the portfolios constructed using weights calculated
from Equation [66f We work with monthly data and experiment with training sizes ranging
from 10 months to 40 months and holding periods of 6, 12, 24, and 60 months, which are

typical in practice.

The results for the realized standard deviation of porfolios constructed with different
covariance matrix estimators are shown in Figure [L0, with Figure|[11|zooming in on the best
performing estimators. The results show that OAS D performs the best among all candidate
covariance matrix estimators while estimators based on an identity target performs much
worse. OASB’s performance again is between the two groups of estimators with different

targets.

7 Conclusion

This paper has proposed a novel covariance matrix estimator OASD that achieve a smaller
MSE than the existing methods when the variation in variable scales is large. It is useful, for
example, when different variables have different units. We further went on to propose OASB
that adapts the target choice depending on the patterns of the true covariance matrix and
is shown to perform better under more scenarios. A forecast reconciliation and a portfolio
construction applications were conducted to demonstrate the usefulness of the methods pro-
posed. We confirmed that OASD typically works better when the true covariance matrix
is sparser and variables exhibit higher dispersion in scales. OASB’s performance is usually
between OAS and OASD, best for when the researcher is unsure about the features of the

true covariance matrix.

We conclude by noting two caveats. First, despite the better performance in simulations,

it is important to note that our results are based on a normality assumption. Normalization

30



procedures, such as the Box-Cox transformation, may need to be used if the distribution of

data deviates substantially from normality.
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Figure 7: PRIAL comparison with correlation-based methods
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COICOP Symbol

Description

01.IX
02_IX
03_IX
04_IX
051X
06_IX
071X
08_IX
09_IX
10_IX
111X
121X

Food and non-alcoholic beverages
Alcohol and tobacco
Clothing and footwear
Housing and household services
Furniture and household goods
Health
Transport
Communication
Recreation and culture
Education
Restaurants and hotels
Miscellaneous goods and services

Table 1: COICOP subgroups of CPI
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Appendix

7.1 Proof of theorem [1

The first result can be obtained by a direct calculation. Since T' is symmetric,

E|[|St) - =[] = B[ - )5 + o7 - 5I7)
= E[IT ~ SI%] p* + 2B [tr ({S — SHT — S} p + E IS — SI1*.

The first order condition with respect to p leads to

_ Bltr({X - SHT - S})]
E[|T - S|]

The second result uses the following lemma.

When z; ~ N(u, X) is i.i.d., the following equations hold.

E [tr(Sdiag(S))] = tr (diag(X)?) .

E[tr(S?)] = ——tr(2) +

n—1 n —

tr(X)2.

E[tr (Sdiag(S))] = E [tr (diag(S)*)] = - 1t7’ (diag(2)?) .

Proof. The first equation is a direct calculation.

p

> zmmsmm] =Y (Zm)? = tr(diag(X)?).

m=1

E [tr(Xdiag(9))] = E

For the second equation, let w; = x; — Z. Since x; ~ N(u, X), the demeaned variable also

follows a joint normal distribution

n—1 1 n—1
P — — NNO’U, U: Z

W; =

Note that U is symmetric, so it can be diagonalized as U = V DVT, where V is an orthogonal
matrix and D is a diagonal matrix. Since n > 2 and ¥ > 0, U 3 := VD3VT is invertible and
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can be used to transform w; into a standard normal distribution
Zi = VTUiéwi ~ N(O, I)

We decompose the left hand side into two components.

2 1 - T 2
E[tr(S%)] = E |tr {n—lz wiwi}
1 | En: T\2 En: ol waw?

= rllﬂE Z(w?wi)Z + | Z A(wiij)Ql .

Let’s zoom in on the first component
E [(w]w;)?] = Var [w/w] + E [wiTwi}Q.

We can write the inner product as

1 T P
wiTwZ- = (VTU_iwi) D (VTU_%UJZ') = Z /\mzfm,
m=1

where ), is the m' diagonal element of D and eigenvalue of U. Since E[22 ] = 1,

E [w?wi}z = (Z )\mE[zfm]> = (Z )\m> =tr(U)%

m=1

For the variance, note that the normality of z;,, implies Var[22 ] = E[z} ] — (E[22,])* = 2,

and the joint normality z; ~ N(0, ) implies the independence of z;; and z;, which then

implies the independence of z3 and 22 when k # [.

p p
Var [w] Z A Var [2,] =2 Z M2 = 2tr(U?).
m=1 m=1
Therefore, the first component can be written as

E [(w] w;)?] = 2tr(U?) + tr(U)*.
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Similarly, we can calculate the second component
E [(wiij)z} =Var [wrwj] +E [wiij}Q,

7

using the transformation
(2

p
wrwj = (VTU_%wi)TD(VTU_%wj) = Z AmZimZjm.-
m=1

Since w; and w; can be rewritten as

n—1 1 1
Wi = — (in—ﬂ)—ﬁ(xj—u)—ﬁ’;ij(mk—ﬂ%

the independence of x; over ¢ implies

n—1 n—1 n—2 1 1
E 7 T - — > — by Y ==Y =—
[w wj} n2 n2 + n2 n n— 1U’
and thus, the first moment of wl-ij and z;,2;m can be written as
T T
E [w]w;] = tr(E [ww]]) = o 1t7°(U),
T Trr—1 Trr—1 Tyr—1 1 _1 1
B [22]] = B [VIU S wwl UV] = VIO (- U ) U3V = ———1.
J J n—1 n—1

For the second moment of 2,2, the formula for multivariate normal distribution implies

2

r [(szzjm)z} = Var [zim| Var [zj,] + 2Cov [z, ij]2 =142F [Zimzjm]Z =1+ _(n )2

2 2 _ 2 ! = !
Var [zimzim] = B |(zimzm)") = (B [smzm])” =14+ =3 — e =1 e

Note that the joint normal distribution implies independence between z;,z;, and z;zj

i I ——T i i
il N {0, L n-l = s | = ZinZjkzinZik, Kk #L
Zj —m[ I ij Zjl
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Therefore, the variance and the second moment of the cross-terms are

— ixfnw%mzjm] = mix; (1 + rllﬁ) = {1 + (n_l 1)Q}tr(UQ),

B[ty = {1+

Putting all together, we have

m}tr(zf )+ ot

E [tr(5%)] =

D

For the third equation, the left hand side can be written as

B [tr(Sdiag(S))] = 3 E [(Sun)’].

The summand can be decomposed into two components.

2 1 - 2 i
E [(Smm) ] =E m <Z wim)

i=1

iwzm—i_ Z wzm jm]

n—l

1=1,57#1
n—l (ZE "’"b—i_ Z Wim Jm>'
i=1,5%#1
From the normality and the first moment of the cross term
-1 Ymm
Wim, ~ N (07 n—zmm) s E [wzmw]m] = T
n n

we can obtain




n

—1 2 Z 2 2_2
Bludud) = (U0) @yt 2 (Zm) SRRy

Substituting these expression gives

E [(Smm)?] =

Therefore,

P
1
E [tr(Sdiag(S E E| n ltr(diag(2)2).
n E—

m=1

The second result of the theorem follows by substituting 7" = diag(S) and the lemma.

E[tr(XT) — tr(XS) — tr(ST) + tr(S5?)]
P= " Er(S?) — 2tr(ST) + tr(T2)]
tr(diag(X)?) — tr(2?) — tr(diag(X)?) + 5tr(22) + 5tr(X)?
Ltr(32) + =tr(2)? — 228 )tr(diag(X)?) + (25)t (dzag(E) )
—2tr(diag(X)?) + —5tr(3?) + L ir(2)?
Ltr(32) + 5tr(2)? — (25 ir(diag(X)?)
 =2tr(diag(X)?) + tr(X?) + tr(X)?
T ontr(X?) 4+ tr(X)2 — (n + )tr(diag(X)?)

7.2 Proof of theorem [2]

Substituting ¥; = (1 — p;)S + p;diag(S) and a direct calculation lead to

_ —2tr(diag(X;)?) + tr(Z;S) + tr(%;)?
Pirr = ntr(3;9) +tr(X;)? — (n + D)tr(diag(X;)?)

_ —2tr(diag(S)?) + tr(X;S) 4+ tr(S)?

~ontr(X;9) + tr(S)2 — (n + Dtr(diag(S)?)

_ —2tr(diag(S)?) + tr({(1 — p;)S + p;diag(S)}S) + tr(S)?
ntr({(1 — p;)S + p;diag(S)}S) + tr(S)? — (n + 1)tr(diag(S)?)

_ pj {tr(diag(S)?) — tr(S?)} — 2tr(diag(S)?) + tr(S?) + tr(S)?
pin{tr(diag(S)?) —tr(S?)} — (n + 1)tr(diag(S)?) + ntr(S?) + tr(S)?

1 —pj¢
1 pme+ (n—1)¢
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where ¢ is defined as
tr(S?) — tr(diag(S)?)
(S2) + tr(S)? — 2tr(diag(S)?)

gb:tr

Note that ¢ € [0, 1) because

tr(S%) =tr(S"S) = (Suk)> = Y (Swm)? = tr(diag(S)?),

m,k

tr(8)? = (Z smm> > ) (Spm)? = tr(diag(S)?),

where the strict inequality is due to the assumption that the sample variances are positive
Spm > 0. If ¢ =0, (ng)~t = 0o and p; = 1 for all j, then the statement is proved. Suppose
¢ € (0,1). One can see p; € (0,1) for all j by noting

o 1 —p¢
P T T 00+ (n— 1oL — )’

Po € (07 1)

If ng <1, p; <1< (ng)~! for all j, so the following change of variable is well-defined

byt = ¢(1n_—¢1)bj _ 1n_¢¢

< bjp1 —
n

no :¢<n_1><bj_ no )

The statement is proved by noting

¢(n —1)
1—¢

ng <1< <l=b;— = p; — L.

n
ng — 1
If ng = 1, the same change of variable proves the statement.

1 1
bj+1:bj—T¢—>—OO:>pj—>n—¢:1.
Finally, suppose n¢ > 1. If p; = (n¢)~! for some j, py = (n¢)~"! for all j/ > j, then the

statement is proved. Otherwise, the same change of variable gives a well-defined b;

L :¢(n—1)<b,_ n¢)
T e — 1 1—-¢ \7 no—1)"
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Noting

¢(n—1) ne
>1s > 1 <1=10;>
TLQS 1_¢ ) pj J n¢_17
one can see .
b = o00=p; - —.
j 7 OO = pj né
Therefore,
. 1
POASD :mln{—,l}
ne

7.3 Proof of theorem [3

The proof is a simpler version of Appendix and [7.2l We first establish the following
lemma. When z; ~ N(0,) is i.i.d., the following equations hold.

E [tr(2diag(S))] = tr(diag(%)?).

E [tr(5%)] = "—Htr@?) + %tr(E)Q.

n

E[tr(Sdiag(S))] = E [tr(diag(S)*)] = n Z 2t7“(d2'ag(2)2).

Proof. The first equation is a direct calculation.

p

> Emmsmm] = (Sum)? = tr(diag(%)?).

m=1

Etr(Xdiag(9))] = E

44



For the second equation,

E[tr(S*)] =F |tr (

ntr ( [(a:zx;f)?} - F [szipP) + n2tr (E [szﬂ2>

2

ntr (E [(z;2])?]) + (n® — n)tr(EZ)'

n2

The first term can be calculated using diagonalization of ¥ = VT DV where VVT = 1.

tr (E [(xsz)2]) =F [tr(xleszsz)} =F [(:ETxZ)ﬂ =V [xTxZ} + (E [xTxZ])2

3 7 3 3

The integrand can be transformed into
1 T 1 b 1
2T, = (vzﬁxi) D (Vzﬁxz) =3 Auzp 7= VE iz, ~ N(O,I).
m=1
Using the independence of z;,, across m and the fourth moment of z;,, under normality,

V [ala] = Z RV I[2] =D B[] - B[]} =2 Z 22, = 2tr (52) .
m=1 m=1 m=1

Thus
tr (E [(zx])?]) = 2tr(5?) + tr(%)?,
and
E [tr(SQ)} _ 2ntr(3°) + ntr(E}ﬂ—l— (n® —n)tr(3?) _n Z 1”(22) %tr(Z)Q

For the third equation,

E [tr(Sdiag(S))] = E [tr(diag(S)*)] =Y _ E [(Smm)?]-
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The result follows by noting

B [(Smn)?] = E '(g > m) ]

i=1
(1 1 & ’
= - 2 - 2
=V n;xzm —|—<E n;xlm]>
_ Lo 5
- nV [a:zm} + (Xm)
1

Substituting 7' = diag(S) and the equations in the above lemma gives

E [tr(XT) — tr(XS) — tr(ST) + tr(S?)]
Etr(S?) — 26r(ST) + tr(T2)]
_ tr(diag(2)?) — tr(X?) — “2tr(diag(X)?) + “Etr(3?) + Ltr(X)?
B 2L (32) + 2tr(2)? — 22t (diag(2)?)
—2¢r(diag(X)?) + 2tr(X?) + Lir(X)?

2L (32) + Ltr(2)? — 2t (diag(X)?)
_ —2tr(diag(X)?) + tr(3?) + tr(X)?
C(n A+ Dtr(22) + tr(X)2 — (n 4 2)tr(diag(X)?)’

The iteration is specified by

_ —2tr(diag(%Z;)?) + tr(X;9) + tr(%;)?
PP i D)ir(5,9) + tr(%)2 — (n + 2)tr(diag(3,)?)
_ (1 — pj)tr(S?) + p;tr(Sdiag(S)) — 2tr(diag(S)?*) + tr(S)?
(n+ 1) {(1 — p;j)tr(S?) + pjtr(Sdiag(S))} + tr(S)? — (n + 1)tr(diag(S)?)
_ tr(S?%) + tr(S)? — 2tr(diag(S)?) — {tr(S?) — tr(Sdiag(S))}p;
(n+ 1)tr(S?) +tr(S)? — (n + D)tr(diag(S)?) — (n + 1) {tr(S?) — tr(Sdiag(S))} p;
1 — ¢p,
14 ng— (n+1)p;

where the parameter ¢ is

b= tr(S?) — tr(diag(S)?)
tr(S2) + tr(S)? — 2tr(diag(S)?)’
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Note that the updating equation is identical to the one in Appendix [7.2] except that n is

replaced by n + 1. Thus, following the same argument,

pPoAsp = min {m, 1} :

7.4 Proof of theorem [4l

Note from [I3]

S(G,Oé) = (1 _9)S+0<QTOASD+ (1 _a)TOAS)

Similar to the result 5] in Theorem [I} by minimizing the MSE criterion in [I4] we can get the
oracle shrinkage parameter 0pp and app. (To simplify notation, use < M, N > to denote

tr(MTN):
E<¥ -5, a0Toasp + (1 — aop)Toas — S >]

E[|IS — (aosToasp + (1 — ao)Toas)|’]
_ 1 E[< S—E,TOASD—TOAS >]
bor  E|[|Toasp — Toasll’]

Substituting the equation for app into the equation for pp gives

OB —

doB =

E[< S — Z,S— TOASD) >]
E[< S —Toas, S —Toasp) >]

bop =

Using the lemma derived in the proof of Theorem |1, we have

E[< S — E,S _TOASD) >]
E[< S —Toas,S—Toasp >]

tr(3)2+tr(22)—2tr(diag(2)?)
n—1

Itr(22) + L-tr(3)2 — 2 (diag(X)?)
(B + tr(2?) — 2tr(diag()?)
T ontr(22) + tr(2)2 — (n + 1)tr(diag(X)?)

bop =

which is the same as the optimal value for pop when the target is only diag(S) in Theorem
[l To simplify aop, we need to use the lemma derived in Theorem [6] as well as an additional

lemma, which we derive below. When x; ~ N(u, ) is i.i.d., the following equation holds

E[tr(S)?] = Qlw@%+w®ﬂ

n —
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Proof. Following the notation for proof of Theorem [0}, we have

E [tT(S)2] - (n _1 1)2E {Ztr(wiw?)}

1 - T i
= (n— 1)2E -{;wl wl}
— B | e
Ty o

i
The first quantity in the curly bracket is proven in Theorem [6] as

+FE

1#]
E [(w] w;)?] = 2tr(U?) + tr(U)*.
For the second quantity, we first use the equation w! w; = Y2 _ A\,,22, to derive the following

m=1

T, T, 7 _
E [wi W;w; w] =

B|Y S hncte ]
m=1 k=1
_Zz/\ )‘kE Zim Jk]

m=1 k=1

From the second moment of the multivariate normal distribution and that £ [zzzﬂ =——1,
we can get the second moment of 2,21,

E [22,25] = Var [zim] Var [zjx] + 2Cov [, Zin)

1, ifm+#k
Therefore we have
ZZA ME [22,22] =3 X [1+ (n_Ql)Q} + ) A
m=1 k=1 m=1 m#k
- [14 2| 0+ w2 - o)
" (n _2 1)2‘“”(U2) +tr(U)’
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When we sum over all ¢ # j, we get the second quantity as

E wawiwfwj] — (2 —n) [ - E tr(U) —|—tr(U)2]

i#]

Putting both quantities together

> (wlw)?

7

+E

Zw wlewJ] }
i#£]

E[tr(5)?] = ﬁ {E

1 2

ey {Qntr(UQ) +ntr(U)? + (n* —n) [(n — 1)Qtr(Uz) + tr(U)Z] }

- 7_‘21)2 {n 2 () + tr(U)Q}

Now we use the definition U = ”T_IE to get

E[tr(S)] = — () + tr(5)

.
mUsing the lemma from Theorem [6] and the one just derived, ap can be simplified to

1 E[< S — ZaTOASD _TOAS >]

con =1 0o E[||Toasp — Toas||’]
B 1 —2-tr(diag(X)? ) et (2?)
Oop “tr(diag(X)?) — o= 1 tr(X?) — ;tr(Z)Q
L 1 2ptr(diag(X)?) — 2tr(3?)

Oop p(n + 1)tr(diag(X)?) — 2tr(X2) — (n — 1)tr(X)?

7.5 Proof of theorem [5G

To simplify notation, we write fpasp as € in this subsection and define the following variables

= tr(S?) — tr(diag(S)? = tr(dia 2y _ IS
o B=tr(S?) —tr(diag(s)") C = tr(diag(5)") - —

Note that by Cauchy Schwartz and properties of the trace of a matrix, we have the following

inequalities:
tr(9)? S tr(S?)

tr(S)? > tr(S?) > tr(diag(S)?) > » »
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where the first and last inequality would be strict unless all the sample correlations are 1.
The second inequality is strict because we assume that all the sample variances are positive.
The third inequality is strict unless all sample variances are equal. Therefore, A and B
defined above are positive and C is non-negative and only 0 when all the sample variances
are equal. Substituting ¥; = (1 — 0pasp)S + Ooass(a;Toasp + (1 — a;j)Tpas) into the

iteration and a direct calculation lead to

oo 1 2(ptr(diag(S)?) — tr(S?)) + 20a;(p — 1)C +20(B — (p — 1)0)
7T A 2ptr(diag(S)?) — tr(S7)) + (n — 1pC + By (np +p—DC + 82— mp— p)C 1 2B)
1 1+ mba; + 120

1—- )
01+ 715+ (11 + 73)00; + (12 — 73)0

where we defined

S (r—1C _ (p—1)C
"7 ptr(diag(S)?) —tr(S?) ~ (p— DA+ (p—1)C — B
o B—-(p—-1)C B B—-(p—-1)C
2T ptr(diag(S)?) —tr(S?)  (p— 1A+ (p—1)C — B
(n —1)pC (n —1)pC

Ta — —_=

O 2Aptr(diag(S)?) —tr(S7)  2Alp—DA+(p—1)C - B]
assuming all quantities are well-defined. In the case where ptr(diag(S)?) = tr(S?), we have

a; =1— % for all j and the theorem is proved. If C'= 0 thus 7 and 73 are both 0, we again

have o; =1 — % for all 7 and the theorem is proved. If now 71 and 73 are both non-zero, but

if a; = % at any step of the iteration process, substituting it into the iteration results
n oy = % for all 7/ > j and the theorem is proved. For the general case where 71,
Ty, and 73 are all well-defined, C' # 0, and «a; # 0(67@:—3)3;1 for all 7, we can do the following
change of variable
1 1 9(7’3 — 7'2) -1
cj = Sap=—4+ ——
J . — O(r3—m2)—1 J Cj 8(7’1 + T3>

J G(Tl +T3)

The updating equation now becomes the following recursion

T3 it (7’1-’-7’3)0
7'1+7'2)0+1—7'1] (7'1—{—7'2)19—{—1—7'1

Cj+1 = (

and we can get the limit of this linear dynamic system

T3 (7’1 —I— 7'3)0 9 — 1

<l=c¢ — o = ——
(Tl+72)0+1—7'1 J (7'1+7'2)8+1—7'1—7'3 J 0
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T3

9(7’3 — ’7'2) — 1

>1=|¢| 200 a; =

(71+TQ>6+1—T1 9(7’1"‘7’3)
Therefore, we have the following converging limit

0—1 T3

_ if <1
6 (Tl—f—TQ)Q—f—l—Tl

QXOASB =

9(7’3—7’2)—1 f T3 >1

— i
9(7‘1—|—7‘3) (’7‘1—|—’7'2)9—|—1—7'1 -

Because 6 = poasp, it follows that 6 € (0,1]. For apasp, we have if

T3
(7'1 —|—7'2)6—|—1 — T1

then we have

mmw—eglzehﬁ"ﬂ—l_Q—l_m+n—1—wﬁ+@)>O

9(71+73) 0 n Q(T1+T3) -

Notice that 71 + 7 > 0 and thus

9(7’3—7'2)—1_1: —9(7’1+7'2)—1

<0
9(71+73) (9(7'1—'—7'3)

Similar results holds trivially for the case when apasp = %. Therefore apasp € [1 — %, 1)
Despite the fact that apasp is no longer restricted to be between 0 and 1, the property of
the final estimator being positive definite still holds because of the following claim For any
nonzero vector x and any weighting scaler «, the linear combination
tr(S
adiag(S) + (1 — 04)L
p
is positive definite and therefore any convex combination of the above quantity with the
sample covariance matrix results in a positive definite covariance matrix estimator. Proof.
rtr(S)

ax’diag(S)z + (1 — a)z Ta: > aAmin(diag(S))z"z + (1 — a)Apin(S)z @

v

Amin (S)xTz > 0

where the second to last inequality follows from the property of diag(S) derived in Appendix
[7.7] and the last inequality follows from our assumption that the sample variances are all

positive. m
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7.6 Proof of theorem

The proof is a simpler version of Appendix [7.4 and [7.5] The proof is the same as Appendix

[7.4 until we get the following expressions for o and app

E[< S — Z,S— TOASD) >]
E[<S—Toas,S —Toasp) >]

Oop =

1 E[<S—=%,Toasp — Toas >|
bon E[|[Toasp — TOASH2}

040321—

In order to evaluate the expectations, we make use of the lemmas proved in Appendix

and a simpler version of the additional lemma we proved in Appendix [16]

When z; ~ N(0,X) is 4.i.d., the following equation holds
21 _ 2 2 2
E [tr(5)?] = Etr(E )+ tr(X)%.

Proof.

= %V [tr(za])] + tr(2)?

LT
==V Z tr(xxl)

= %V (2] ;] + tr(2)?

= 2ir(s?) 4 tr(5)

where the last equality used the expression for V' [x;fxz} we derived in Appendix m Now
using the lemma in Appendix |12/ and the additional one derived above, we can simplify 6pp
to be

E[< S — Z,S — TOASD) >]
FE [< S — TOAS, S — TOASD >]
_ tr(X)? + tr(X?) — 2tr(diag(X)?)
C(n A+ Dtr(22) + tr(2)2 — (n 4 2)tr(diag(X)?)

OB —
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which is the same as the optimal value for pop when the target is only diag(S) in Theorem

aop therefore simplifies to

_, 1 %tr(diag(2)2) — niptr(i?)
Qo = Oop "2 tr(diag(2)?) — Ztr(X2) — Str(%)?
_, 1 2ptr(diag(X)?) — 2tr(X?)

 Oop p(n + 2)tr(diag(X)?) — 2tr(X2) — ntr(3)?

Note again Opp is the same as pop under the known mean case so we take pasp = poasp-

For apasp, we use the limit of the following iteration to approximate the oracle

1 2ptr(diag(X;)diag(S)) — 2tr(X3,9)
Ooase p(n + 2)tr(diag(X;)diag(S)) — 2tr(3;S) — ntr(3;)?

Qi1 =1—

Notice that this updating equation is identical to 18| except that n is replaced by n + 1.

Thus, following the same argument, we get

) -1
OASB if T3 <1
CoASE = Boass (7_1+7_2)90ASB+1_7—1
B =
90ASB<7'3 - 7'2) -1 T T3 >
QOASB(Tl + 7-3) (Tl -+ T2>00ASB +1-— T

where we used the 6pasp in(12] 73 is adjusted to be

np [tr(diag(S)Q) - tr(sy]
T3 = P

— 2(ptr(diag(S)?) — tr(S2?))

and 7; and 7, are as defined in Appendix [7.5|since they don’t involve n.

7.7 Proof of Comment 1

Given S is a real symmetric matrix, we can use Theorem 2.1 of [Million, 2007] to get the

following results for diag(S):

S11 )\1 (S)
diag(s) x 1= | *2 | —ror |
Spp Ap(S)
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where I' is the eigenvector matrix of S with each column being an eigenvector and 1 is a

vector of ones. Since the diagonal entries of diag(S) are its eigenvalues, we consider the

S11 )\1(5)
A2(S)

S
22 [ relative to that of

dispersion of . From the orthogonality of I', we know
Spp Ap(S)
TolM)x1=1
We also know that all entries in I' o I' are nonnegative. Therefore, all entries in I' o I' are
between 0 and 1 and each row sums to be 1. This means that any s; is a linear convex
combination of A;(S),...A,(S5).This leads to the following:

)\mm(s) S /\mm(dlag(s)) S /\ma:v(dlag(s)) S )\maz(S)

The first equality would only hold if the row in I o I" that corresponds to A, (S) happens

to put all all the weight on this value and similarly for the last equality. Now since we have

Amaz(A + B) = sup v7 (A + B)v < Apaz(A) + Anaz(B)

lv|=1

v|=1
where the equality only holds when all A + B, A, B share the same eigenvector that cor-
responds to the largest/smallest eigenvalues. Therefore, in general (assuming that we are
not under the special cases mentioned above), for a combined estimator in the form of
Se = (1= p)S + pdiag(S), we would have

Amin(S¢) > (1 = p)Anin(S) + pAmin(diag(S)) > Apin(S)
Similarly, we have

)\ma:t(sc) < (1 - p))\max(s) + p)\maz(dzag(s)) < )‘max(S)

Therefore, S, is a better conditioned estimator compared to S.
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